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We consider a C6 invariant lattice ofmagneticmoments coupled via a Kondo exchange J with a 2D electron gas
(2DEG). The effective Ruderman-Kittel-Kasuya-Yosida interaction between the moments stabilizes a magnetic
skyrmion crystal in the presence of magnetic field and easy-axis anisotropy. An attractive aspect of this
mechanism is that the magnitude of the magnetic ordering wave vectors, Qν (ν = 1,2,3), is dictated by the Fermi
wave number kF : |Qν | = 2kF . Consequently, the topological contribution to the Hall conductivity of the 2DEG
becomes of the order of the quantized value, e2/h, when J is comparable to the Fermi energy F .
PACS numbers:
The discovery of magnetic skyrmion crystals (SkX) en-
visioned by Bogdanov and Yablonskii [1, 2] in chiral mag-
nets, such as MnSi, Fe1−xCoxSi, FeGe and Cu2OSeO3 [3–
7] sparked the interest of the condensed matter community
at large and spawned efforts in multiple directions. Among
those, identifying the basic ingredients for stabilizing SkX
in other materials is one of the most pressing challenges be-
cause new stabilization mechanisms are typically accompa-
nied by novel physical properties. For instance, the vector
chirality is fixed in the magnetic skyrmions of chiral magnets,
such as the so-called B20 compounds; while it is a degree
of freedom in the SkX of centrosymmetric materials, such as
BaFe1−x−0.05ScxMg0.05O19, La2−2xSr1+2xMn2O7, Gd2PdSi3,
and Gd3Ru4Al12 [8–14]. In the former case, the underlying
spiral structure is stabilized by a competition between fer-
romagnetic exchange and the Dzyaloshinskii-Moriya interac-
tion [15, 16]. In contrast, the spiral ordering of centrosym-
metric materials arises from competition between different
exchange couplings or dipolar interactions [17–21].
To date, most magnetic SkX have been reported in metals,
where the interplay between magnetic moments and conduc-
tion electrons enables novel response functions, such as the
well-known topological Hall effect [22–25] and the current-
induced skyrmionmotion [26–29]. The topological Hall effect
is a direct consequence of the Berry curvature acquired by the
reconstructed electronic bands. In the adiabatic limit, the mo-
mentum space Berry curvature is controlled by a real space
Berry curvature that is proportional to the skyrmion density:
each skyrmion produces an effective flux equal to the flux
quantum Φ0. Consequently, Hall conductivities comparable
to the quantized value (e2/h) can in principle be achieved if the
ordering wave vector of the SkX is comparable to the Fermi
wave vector kF . As we demonstrate in this Letter, this condi-
tion can be naturally fulfilled in f -electron systems where the
Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction is medi-
ated by conduction electrons [30–32]. Our results are poten-
tially relevant for the rare earth based materials Gd2PdSi3 and
Gd3Ru4Al12 that contain a magnetic field induced SkX phase
in their phase diagrams [10–14].
We first demonstrate that the magnetic susceptibility of a 2D
electron gas (2DEG) on a C6 invariant lattice has a maximum
at 2kF whenever the single-electron dispersion relation,
k ≈ 12m
(
k2+uk4
)
, (1)
has a negative quartic correction u ≡ w/k2F < 0. Under this
condition, a small easy-axis anisotropy is enough to stabilize a
magnetic-field induced SkX,which is approximately described
by the superposition of three spirals with orderingwave vectors
Qν (ν = 1,2,3), that are related by ±2pi/3 rotations. Given
that |Qν | = 2kF , the resulting SkX produce a very large Hall
conductivity (of order e2/h) for a Kondo exchange of J/F ≈
0.3. This condition can only be fulfilled in the dilute limit
Fη(F ) ≈ (k2Fa2/2pi)  1, where η() ≈m/(2pi) is the density
of states and a is the lattice constant. Because we are interested
in the regime of weak Kondo effect, here we only consider the
classical limit of the local magnetic moments.
We start by considering the 2D Kondo lattice model (KLM)
for classical magnetic moments:
H =
∑
k
∑
σ
(k − µ)c†kσckσ + J
∑
i
∑
αβ
c†iασαβciβ ·Si, (2)
where the operator c†iσ (ciσ) creates (annihilates) an itinerant
electron on site i with spin σ, and c†
kσ
(ckσ) is the correspond-
ing Fourier transform. k is the bare electron dispersion with
chemical potential µ. J is the exchange interaction between
the local magnetic moments Si and the conduction electrons
(σ is the vector of the Pauli matrices) and |Si | = 1.
In the weak-coupling limit, Jη(F )  1, the interaction be-
tween local moments is described by the RKKY model:
HRKKY = −J2
∑
k
χkSk ·S−k, (3)
with
χk = − 2VBZ
∫
dq
f (q+k )− f (q)
q+k − q , (4)
Sk =
1√
N
∑
i
eik ·riSi, (5)
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where N is the number of lattice sites, and f () is the Fermi
distribution function.
In general, the RKKY interaction depends on the details of
the Fermi surface (FS). However, for small filling fraction, the
electronic dispersion relation of C6 invariant systems can be
approximated by Eq. (1) and the FS is circular. In absence
of the quartic term (w = 0), the susceptibility is flat below
2kF [33] [see Fig. 1(a)],
χk =
m
pi
[
1−Θ (p−2)
√
1−(2/p)2
]
, (6)
with p ≡ k/kF . The discontinuity of ∂k χk at k = 2kF is
related to the long-range nature of the RKKY interaction (it
decays as 1/r2 in real space). The resulting RKKY model
is highly frustrated because any spiral ordering with wave
number q ≤ 2kF is a ground state.
The frustration is partially lifted by a finite quartic term and
the magnetic susceptibility becomes
χk =
m
pi |w | p2λ(p,w)
[
2arctan
1
λ(p,w)
−2Θ(p−2)arctan
√
1−(2/p)2
λ(p,w)
+ arctan
1+wp2
|w | p2λ(p,w)
− arctan
√
(1+wp2)2+4w(w+1)
|w | p2λ(p,w)
]
,
(7)
for −1  w < 0 and p2 < 2/|w |, where λ(p,w) ≡√1+2/(wp2). As shown in Fig. 1(a), χk is maximized on
the ring k = 2kF , where the function χk is nonanalytical. As
we will see below, the control parameter for the stability of the
SkX is the ratio χ2kF /χk=0. According to Eq. (7), χ2kF /χk=0
is determined by w ≡ uk2F for kF  1, i.e., w becomes the
control parameter in the long wave length regime.
For concreteness, we consider a triangular lattice (TL) with
hopping amplitudes {t, t2, t3} for the first, second, and third
nearest neighbors (from now on, we will set t2 = t3 = 0 unless
specified otherwise):
k = −2t
[
cos kx +2cos
kx
2
cos
√
3ky
2
]
−2t2
[
cos
(√
3ky
)
+2cos
(
3kx
2
)
cos
(√
3ky
2
)]
−2t3
[
cos (2kx)+2cos kx cos
(√
3ky
)]
. (8)
The mass m, and w are obtained by expanding k near k = 0:
m =
1
3 (t +3t2+4t3), w = −
k2F
16
t +9t2+16t3
t +3t2+4t3
. (9)
The resulting magnetic susceptibility, shown in Fig. 1(b),
confirms that χk is maximized on the k = 2kF ring. The de-
generacy of the ordering wave vectors along the ring direction
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Figure 1. Susceptibility χk for different dispersions. (a) Long
wavelength limit Eq. (1), using VBZ = (2pi)2; (b) TL Eq. (8) with
2kF = |b1 |/4. The inset shows the peak positions of χk of the TL in
the first BZ, where {b1 , b2} are the reciprocal space basis vectors.
is lifted by lattice anisotropy terms of order O(k6): while the
angular dependence of χk is very small, a careful numerical
integration of Eq. (4) shows only six discrete peaks (±Qν=1,2,3)
with the same amplitude [see inset of Fig. 1(b)].
An immediate question is what magnetic structure is sta-
bilized in the presence of magnetic field and easy-axis
anisotropy [34]. It has been shown that SkX can arise in
hexagonal frustrated Mott insulators whose exchange interac-
tions lead to a similar set of six maxima in the magnetic sus-
ceptibility [1, 17, 18, 20]. Indeed, the phase diagram of these
materials can be described with a generic Ginzburg-Landau
(GL) theory, which only assumes that the magnetic suscepti-
bility is maximized over a ring of wave vectors of the same
magnitude and that it is an analytic function of k [19]. The
nonanalytical behavior of χk at k = 2kF violates the second
assumption, and raises the question of whether the SkX phase
can still be stabilized in RKKY systems. Motivated by this
question, we add the corresponding Zeeman and anisotropy
terms to the TL RKKY Hamiltonian:
Htotal =HRKKY+H ′, H ′ = −H
∑
i
Szi +D
∑
i
(
Szi
)2
. (10)
Our Monte Carlo simulation with Metropolis update on fi-
nite lattices indeed suggests that the ordering wave number
coincides with 2kF at low temperature. However, due to the
highly frustrated nature of the RKKY model, the Metropo-
lis update is not efficient enough to overcome freezing into
metastable states. We then adopt a T = 0 variational approach,
which further confirms that the magnetic ordering wave vector
has magnitude Q = 2kF [35].
Figure 2 shows the T = 0 phase diagrams for 2kF =
{|b1 |/8, |b1 |/6, |b1 |/4} including seven different phases,
namely, the vertical spiral (VS), vertical spiral with in-plane
modulation (VS′), 2Q-conical spiral (2Q-CS), 2Q-conical spi-
ral with unequal in-plane structure factor intensities (2Q-CS′),
up-up-down-down (↑↑↓↓), SkX, and the fully polarized (FP)
phases (see Fig. 3).
The phase diagrams shown in Fig. 2 are similar to the one ob-
tained from short-rangeHeisenbergmodels on theTL [18], and
more generally, from a GL analysis of the inversion-symmetric
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Figure 2. Phase diagrams of the TL RKKY model with easy-axis
single-ion anisotropy in a magnetic field. We set t2 = t3 = 0 except in
(c). (a) 2kF = |b1 |/8, which gives χ2kF /χk=0 ≈ 1.0177, w ≈−0.013,
H0sat ≈ 0.0034J2/t; (b) 2kF = |b1 |/6, which gives χ2kF /χk=0 ≈
1.0323, w ≈ −0.023, H0sat ≈ 0.0062J2/t; (c) 2kF = |b1 |/6, which
gives χ2kF /χk=0 ≈ 1.0211, w ≈ −0.013, H0sat ≈ 0.0046J2/t; (d)
2kF = |b1 |/4, which gives χ2kF /χk=0 ≈ 1.0783, w ≈ −0.051, H0sat ≈
0.016J2/t.
magnets [19]. However, there is an important qualitative dif-
ference associated with the stability of the SkX phase.
A direct comparison between Figs. 2(a) and 2(b) suggests
that the size of the SkX phase depends sensitively on the ratio
χ2kF /χk=0, which is controlled by the parameter w from the
long wavelength analysis [see Eq. (7)]. To reveal the role of
w, we keep 2kF = |b1 |/6 and add a finite t3, that changes w
from −0.023 to −0.013 [see Fig. 2(c)]. The SkX phase shrinks
as we decrease |w | while keeping 2kF unchanged [Figs. 2(b)
and 2(c)]. Indeed, our variational approach confirms that the
SkX phase disappears for |w | . 0.0115 when using χk given
by Eq. (7) (valid for kF  1). In other words, the SkX phase
is stable in the mesoscale regime kF >
√
0.0115/|u|.
This behavior is qualitatively different from the GL theory,
where the phase diagram, including the SkX phase, remains in-
variant upon approaching the Lifshitz transition [19]. The key
difference is in the relative difference between (χ2kF − χk=0)
that determines the saturation field H0sat ≡ 2J2
(
χ2kF − χk=0
)
,
and (χ2kF − χkn ) for kn =
∑
ν=1,3 nνQν (nν are small integer
numbers and |kn | >Q) that determines the exchange energy of
the higher harmonics present in most of the phases, including
the SkX. In the GL theory, both energy scales remain com-
parable for Q→ 0. In contrast, (χ2kF − χkn ) becomes much
bigger than (χ2kF − χk=0) for kF → 0 because the slope of χk
diverges for k→ 2k+F . This difference becomes less important
for
√
0.0115/|u| < kF < 1, explaining why the phase diagrams
of both theories become very similar in the mesoscale regime.
Figures 2(a) and 2(c) show the phase diagrams obtained for
the same value of w and different values of 2kF (2kF = |b1 |/6
and 2kF = |b1 |/8). The difference between both phase dia-
Figure 3. Spin configurations of phases shown in Fig. 2. The insets
show the in-plane (S⊥) and out-of-plane (Szz ) static structure factors
in the first BZ. The solid (dotted) circles highlight the dominant
(subdominant) peaks. The orange markups in (a),(b) highlight the
difference between VS and VS′, i.e., absence or presence of the in-
plane modulation. The green markups in insets of (c),(d) show the
difference between 2Q-CS and 2Q-CS′: the former is invariant under
a mirror reflection of the xz plane followed by a pi rotation along the
x axis, while the latter does not respect this symmetry.
grams is produced by small deviations of χk from the universal
expression in Eq. (7). The size of the SkX phase is bigger for
2kF = |b1 |/6 simply because χ2kF /χk=0 is bigger.
For large enough 2kF , the long wavelength analysis is no
longer accurate and the phase diagram can become qualita-
tively different from the one obtained for small ordering wave
numbers. This is illustrated by Fig. 2(d) for 2kF = |b1 |/4:
the low field VS and VS′ phases are replaced with a collinear
↑↑↓↓ ordering, and the low field 2Q-CS′ phase is replaced by
the 2Q-CS phase. Interestingly, we find that the SkX phase
remains robust.
The SkX phase induces nontrivial Berry curvature and
anomalous Hall response when coupled to itinerant elec-
trons [22–25]. Figures 4(a) and 4(b) show the folded unre-
constructed electronic band structure (J = 0) and the FS in the
reduced BZ (2kF = |b1 |/6). A finite coupling J opens a gap at
the M and K points [Fig. 4(c)]. The lowest two bands develop
nonzero Berry curvature Ωn(k) centered at K and K ′, where
the electron wave functions have the largest renormalization
[Figs. 4(d) and 4(e)]. We note that the two lowest bands have
the same Chern number: both Cn = 1 or Cn = −1, where the
sign is determined by the sign of the scalar spin chirality.
Figure 4(f) shows the transverse conductivityσxy [36] of the
TL KLM in the SkX phase with fixed electron fillings. A large
3
Figure 4. (a),(b) Electronic band structure and FS of the TL
KLM in the folded first BZ (2kF = |b1 |/6) with J = 0. (c)–(e)
Electronic band structure and Berry curvatures of the lowest two
bands in the folded first BZ (2kF = |b1 |/6) with J/t = 0.2 and
SkX spin configuration. (f) Transverse conductivities of the TL
KLM with SkX spin configurations of different Q, at fixed elec-
tron filling fractions. The horizontal dashed lines in (a),(c) show
the Fermi level for fixed filling nc ≈ 0.0252. We use SkX spin
configuration obtained at {D = −0.002J2/t, H = 0.007J2/t} for
2kF = |b1 |/4, {D = −0.0015J2/t, H = 0.002J2/t} for 2kF = |b1 |/6,
and {D = −0.0008J2/t, H = 0.00117J2/t} for 2kF = |b1 |/8.
σxy can be achieved even in the weak-coupling regime (J/t 
1), and its magnitude increases quickly upon approaching the
long wavelength limit. Such a behavior is opposite to the
conventional understanding based on the strong-coupling or
adiabatic limit. The skyrmion density is no longer dictated
by kF in that limit and it is typically much smaller than the
electron density. Thus, a larger skyrmion density (bigger Q)
produces larger effective magnetic field and consequently a
larger Hall response in the strong-coupling limit.
The kF -dependence of σxy can be understood in a simple
way. In Fig. 4(b), we see that the FS already occupies 91% of
the folded first BZ.σxy becomes large (of order e2/h) when the
states near K and K ′ points (where most of the Berry curvature
concentrates) are pushed below the Fermi level. This condition
is fulfilled when the gap, of order J, becomes comparable to
the energy difference between K and kF :
J ∼ kF
m
(
2√
3
kF − kF
)
≈ 0.155 k
2
F
m
≈ 0.3F . (11)
In other words, in agreement with the result shown in Fig. 4(f),
the value of J required to produce a large anomalousHall effect
is smaller for smaller values of kF . In fact, the three curves
shown in Fig. 4(f) collapse into a single curve after rescaling
the x axis to J/(tk2F ) .
To summarize, we find that the quartic term in the dispersion
of a 2DEG induces susceptibility maxima at Q = 2kF , which
is key to produce a finite saturation field and to stabilize the
spiral ordering that is the basis for generating SkX via RKKY
interactions. The T = 0 phase diagram includes a sizable SkX
phase induced by easy-axis anisotropy and a magnetic field.
The size of the SkXphase and its stability range is controlled by
χ2kF /χk=0, which is in turn determined by w for kF  1. The
same electrons which induce the RKKY interaction and the
SkX phase, exhibit a large anomalous Hall counter-response,
whose magnitude depends solely on J/(tk2F ) in the weak-
coupling limit. This strong feedback effect distinguishes the
stabilization mechanism based on the RKKY interaction from
other mechanisms in which the lattice parameter of the SkX
and the Fermi wave-length are independent length scales.
We note that the O(k4) correction in the quasi-particle dis-
persion relation (1) is not the only way of lifting the spin
susceptibility degeneracy of the 2DEG for k < 2kF . For exam-
ple, the electron-electron interactions can also induce a global
maximum of χk at a finite wave number close to 2kF [37–47].
Additional magnetic interactions, such as short-range superex-
change and dipolar coupling can produce a similar effect. It
is also important to note, that four-spin and higher order inter-
actions, not included in the RKKY Hamiltonian, are naturally
generated from the KLM upon moving away from the weak-
coupling limit [21, 48–54]. These higher order terms can
also stabilize multi-Q magnetic orderings that include SkX
phases [21, 50–54]. A variational treatment like the one that
has been presented in this Letter can be applied to the full KLM
to determine if the effective higher order spin interactions can
further stabilize the field-induced SkX phase.
Our results are potentially relevant for explaining the giant
topological Hall response of Gd2PdSi3 [10, 11], which is pro-
duced by a field induced SkX phase, as it has been recently
revealed by resonant x-ray scattering [12, 55]. Indeed, angle-
resolved photoemission spectroscopy suggests that RKKY is
the dominant interaction in this material [56]. More generally,
SkX phases induced by RKKY interactions are expected to
be realized in a wider range of hexagonal intermetallic com-
pounds with in-plane spiral ordering (ordering wave vector
parallel to the plane) and moderate easy-axis anisotropy.
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—Supplemental Material—
I. VARIATIONAL METHOD
Here we describe the variational method used to produce
the T = 0 phase diagrams in the main text. We will start by
assuming that the ground state ordering wavelength Q is fixed
by 2kF . This constraint will be removed later. In this case, the
magnetic super-cell contains L× L spins spanned by the basis
{La1, La2}, where a1 and a2 are the basis of the triangular
lattice. Here, we use Q = 2kF = l |b1 |/L, and {l, L} are
the minimum integers satisfying the equation. The choice of
commensurate 2kF is only for the convenience of calculation,
and any nearby incommensurate 2kF should produce similar
phase diagrams.
The spin states can be described by 3× L × L variational
parameters {Sxr , S
y
r , S
z
r } and L×L equality constraints |Sr | = 1.
The total energy density of the model is then minimized in this
constrained variational space [57, 58].
Note that we have not made any assumption about the spin
structure, except for the size of the underlying magnetic super-
cell size. Clearly, since there are 3× L × L variational param-
eters and L × L equality constraints, the energy minimization
is relatively time-consuming. The reward for this effort is that
the results are not biased towards any given ansatz of spin
configurations.
After obtaining the phase diagrams from the above-
mentioned approach, we can perform a Fourier analysis of
each phase and parametrize the corresponding spin configura-
tions by a few dominant Fourier components at k = 0 and Qν ,
where we have defined
Q1 = qb1, Q2 = qb2, Q3 = −Q1−Q2, (S1)
and 0 < q ≤ 1/2. The results of the Fourier analysis are very
similar to those described by Refs. [18, 19], which we docu-
ment below.
In the VS and VS′ phases, the normalized spin configura-
tions Sr ≡ mr/|mr | can be parametrized as:
mxr−r0 = a1 cos(φ)sin(Q1 · r)
+ a2 sin(φ) [cos(Q2 · r)+ cos(Q3 · r)], (S2a)
myr−r0 = a1 sin(φ)sin(Q1 · r)
− a2 cos(φ) [cos(Q2 · r)+ cos(Q3 · r)], (S2b)
mzr−r0 = a0− a1 cos(Q1 · r), (S2c)
where the parameter φ controls the direction of the spiral plane.
For the RKKY model considered in this Letter, φ is an arbi-
trary number since it does not affect the energy produced by
isotropic spin exchanges. The difference between the two
phases comes from the parameter a2: it is zero in the VS
phase, while it is finite for the VS′ phase.
In the 2Q-CS and 2Q-CS′ phases, the normalized spin con-
figurations Sr ≡ mr/|mr | can be parametrized as:
mxr−r0 = a1 sin(Q1 · r)+ a2 sin(Q3 · r), (S3a)
myr−r0 = a1 cos(Q1 · r)− a2 cos(Q3 · r), (S3b)
mzr−r0 = a0+ a3 cos(Q2 · r). (S3c)
The relation between a1 and a2 distinguishes the two phases:
in the 2Q-CS phase we have a1 = a2, while in 2Q-CS′ phase
we have a1 , a2.
In the SkX phase, the normalized spin configurations Sr ≡
mr/|mr | can be parametrized as:
mxr−r0 = a1
[
cos(ϕ)sin(Q1 · r + θ1)+ cos
(
ϕ+ κ
2pi
3
)
sin(Q2 · r + θ1)+ cos
(
ϕ+ κ
4pi
3
)
sin(Q3 · r + θ1)
]
, (S4a)
myr−r0 = a1
[
sin(ϕ)sin(Q1 · r + θ1)+ sin
(
ϕ+ κ
2pi
3
)
sin(Q2 · r + θ1)+ sin
(
ϕ+ κ
4pi
3
)
sin(Q3 · r + θ1)
]
, (S4b)
mzr−r0 = a0− a2 [cos(Q1 · r + θ2)+ cos(Q2 · r + θ2)+ cos(Q3 · r + θ2)], (S4c)
where the parameter κ = ±1 controls the sign of the scalar
chirality, and ϕ controls the helicity of the skyrmion config-
uration. As we discussed in the main text, both κ and ϕ can
change freely for the isotropic RKKY model under considera-
tion.
In principle, the wave number Q depends on the magnetic
field and easy-axis anisotropy, as it is demonstrated in Ref. [59]
for metastable SkX in helimagnets. Within the variational
manifold generated by the above-mentioned parametrizations,
we can relax the magnetic super-cell assumption, and make Q
a variational parameter to check this point. More specifically,
for each point in the phase diagrams obtained by the previous
method (which fixesQ = 2kF ), we can compare the optimized
energies of different ansatze and find the lowest one:
• The VS and VS′ phases: we minimize the total energy
density in the variational space given by Eq. (S2). The
variational parameters are {q, a0, a1, a2, r0}.
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• The 2Q-CS and 2Q-CS′ phases: we minimize the total
energy density in the variational space given by Eq. (S3).
The variational parameters are {q, a0, a1, a2, a3, r0}.
• The SkX phase: we minimize the total energy density in
the variational space given by Eq. (S4). The variational
parameters are {q, a0, a1, a2, θ1, θ2, r0}.
• The FP phase: the total energy density is given by
−J2 χk=0−H +D.
• The ↑↑↓↓ phase: the total energy density is given by
−J2 χ2kF +D.
The energy evaluation of different ansatze are performed
as follows: with given variational parameters {q, ai , θi , r0},
we first initialize spin configuration Sr on a finite 192× 192
triangular lattice (normalized on each site). Then we perform
a Fourier transform to obtain Sk and finally evaluate the en-
ergy in reciprocal space. Some notes about the variational
parameters: the optimized r0 is typically off the lattice. The
parameters {θ1, θ2} are found to be small, but not negligible
especially for the 2kF = |b1 |/4 case.
The optimized Q indeed satisfies Q = 2kF for any point
in all the phase diagrams presented in this Letter. While the
192×192 lattice may still have finite size effect, we can give an
upper bound of the uncertainty: ∆Q < 2pi/192. Furthermore,
within our numerical accuracy (∆H/H0sat . 0.1%), the phase
boundaries obtained by both approaches (using super-cell, or
using ansatze) are found to be the same.
We note that we applied the same variational calculation
on the 192 × 192 TL to the short range J1-J2 Heisenberg
model [17, 18]. The results show a very slight variation of
Q as a function of magnetic field and anisotropy. In particular,
for J1 =−1, J2 = 0.5, the magnitude of the ordering wave num-
ber is Q = |b1 |/6 in most regions of the D−H phase diagram,
except for the high-field region inside the SkX phase, where it
deviates to Q ≈ |b1 |/6.2.
II. HALL CONDUCTIVITY
For completeness, we include the formulae that were used
for computing the Berry curvature and the Hall conductiv-
ity [60]. The Berry curvature is defined as:
Ωn(k) = −2 Im 〈∂xunk |∂yunk〉, (S5)
where |unk〉 is the cell-periodic Bloch function of the n-th band
at momentum k.
The Chern number of the n-th band is defined by integrating
the Berry curvature over the first BZ:
Cn =
1
2pi
∫
BZ
dkΩn(k). (S6)
Finally, the Hall conductivity can be obtained by:
σxy =
e2
~
∑
n
∫
BZ
dk
(2pi)2 f (En(k)−EF )Ωn(k), (S7)
where f (En(k)−EF ) is the Fermi distribution function.
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